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6. Progress within the reporting period 
(Not exceeding 3 pages, including tables and figures) 
 
The work is being performed in conjunction with Ph.D. research work of Damijan Markovic 
who has developed a formulation for coupled macro-micro analysis of tooling systems for 
cold forging applications. 



In this approach we consider the problems of heterogeneous structures, where the scales 
are not separated enough to be treated by the standard analytical homogenization 
procedures. They are strongly coupled and both modeled by the finite element method 
(FEM). Namely, a ‘macro’ finite element is at the same time the ‘micro’ window, where a 
lower level FE model on the ‘micro’ scale is used to get the ‘macro’ response (see Figure 1). 
 

 
 
Figure 1: A two-scale model of the heterogeneous structure. Both scales, ‘macro’ scale on the left and 

the ‘micro’ scale on the right are modeled by the FEM. 
 
The scale coupling is elaborated by using the localized Lagrange multiplier variational formulation, 
resulting in the stationary problem of the following potential: 
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Πmicro is the free energy on the ‘micro’ level,  
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and Πinterface is the coupling term, 
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uM and um are the ‘macro’ and ‘micro’ displacement fields, f is the force density, t the tractions 
imposed on the boundary, Ψ the ‘micro’ free energy density, εm is the ‘micro’ strain, ξmint are 
the ‘micro’ internal variables and λ is the Lagrange multiplier field. Imposing the stationarity 
condition 0=Πδ , we get the set of equation for the weak formulation: 
 
 ‘micro’ equilibrium 
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‘micro-macro’ displacement compatibility 
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We test then the approach for two different cases of Lagrange multiplier discretization, 
corresponding effectively to the displacement based and force-based interface. In the 
displacement based interface the displacements on the ‘micro’ boundary are supposed to 
have a linear distribution and in the case of the force based interface the boundary tractions 



are supposed to have a linear distribution.  
 
We have shown in the articles cited below, that the choice of using one or the other type of 
the interface should depend on our ‘macro’ structural loading, the size of the ‘micro’ scale 
window and the quantities we need from the analysis.  
 

 

 
 
Figure 2: A simple example showing the difference (deviatoric stresses) between displacement based 

(bottom) and force based (top) interface. The material is the example is a porous  
metal with elasto-plastic matrix. 
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